Motivated by the recent works on the stability of symmetric periodic orbits of the elliptic Sitnikov problem, for time-periodic Newtonian equations with symmetries, we will study symmetric periodic solutions which are emanated from nonconstant periodic solutions of autonomous equations. By using the theory of Hill's equations, we will first deduce in this paper a criterion for the linearized stability and instability of periodic solutions which are odd in time. Such a criterion is complementary to that for periodic solutions which are even in time, obtained recently by the present authors. Applying these criteria to the elliptic Sitnikov problem, we will prove in an analytical way that the odd (2p, p)-periodic solutions of the elliptic Sitnikov problem are hyperbolic and therefore are Lyapunov unstable when the eccentricity is small, while the corresponding even (2p, p)-periodic solutions are elliptic and linearized stable. These are the first analytical results on the stability of nonconstant periodic orbits of the elliptic Sitnikov problem.
Introduction
The elliptic Sitnikov problem, denoted by (S e ), is the simplest model in the restricted 3-body problems [20] . By assuming that the two primaries with equal masses are moving in a circular or an elliptic orbit of the 2-body problem of the eccentricity e ∈ [0, 1), the Sitnikov problem describes the motion of the infinitesimal mass moving on the straight line orthogonal to the plane of motion of the primaries, whose governing equation was given in [1, 11] and will be stated as Eq. (4.1) in §4 of this paper. When e = 0, (S 0 ) is called the circular Sitnikov problem, whose equation, stated as Eq. (4.4) , is an autonomous scalar Newtonian or Lagrangian equation. For e ∈ (0, 1), the equation for (S e ) is a nonlinear scalar Newtonian equation which is 2π-periodic in time.
There is a long history and a rigorous study on motions of problem (S e ), covering the following topics.
• Oscillation and expressions of motions: The motions of the circular Sitnikov problem can be expressed using various elliptic functions in an implicit way [1, 4, 10, 20] . It is also found that the elliptic Sitnikov problem admits oscillatory motions. See the bibliography of [11] for some historic references on this topic.
• Existence and construction of periodic orbits: Due to the symmetries of the elliptic Sitnikov problem, many interesting periodic orbits have been obtained in [1, 11, 12, 16, 18] , mainly by using the bifurcation method and global continuation.
• Stability and linearized stability of motions: This is a central topic in dynamical systems [17, 19] . For example, (S e ) has the origin as an equilibrium which can be considered as a 2π-periodic solution. In case the equilibrium is elliptic, its Lyapunov stability can be studied using the third order approximation developed by Ortega [15] and extended in [8] . See [11, §6] for details. As for nonconstant, even (in time) periodic solutions of (S e ) which are emanated from the corresponding solutions of (S 0 ), the stability and linearized stability are studied in very recent papers [5, 6, 14, 21] . Most of these are based on the theory for Hill's equations. Though some analytical formulas have been derived, many results of these are numerical due to the difficulties caused by nonconstant periodic solutions.
In this paper we continue the study for the stability and linearized stability of nonconstant, symmetric (in time) periodic solutions of (S e ). Our aim is to provide some analytical results. In order to make such an analytical approach be applicable to more general problems, we consider the following second-order nonlinear scalar Newtonian equation
x + F (x, t, e) = 0.
(1.1)
Here F (x, t, e) is a smooth function of (x, t, e) ∈ R 3 fulfilling the following symmetries
F (−x, t, e) ≡ −F (x, t, e), F (x, −t, e) ≡ F (x, t, e), F (x, t + 2π, e) ≡ F (x, t, e),
These symmetries are verified by the Sitnikov problem (S e ). In particular, when e = 0, the starting equationẍ
is autonomous and has the unique equilibrium x = 0. Obviously, f (x) is also odd in x. Let m, p ∈ N be integers. We say that x(t) is an (m, p)-periodic solution of Eq. (1.1), if x(t) is a 2mπ-periodic solution of (1.1) and has precisely 2p zeros in intervals [t 0 , t 0 + 2mπ), t 0 ∈ R.
Because of the autonomy and the complete integrability, all (m, p)-periodic solutions of Eq. (1.3) are clear. In particular, with suitable choice of (m, p), Eq. (1.3) admits the (m, p)-periodic solutions ϕ m,p (t) and φ m,p (t), which are respectively even and odd in time t. These are the symmetric (m, p)-periodic solutions of Eq. (1.3) we are interested in. Due to the autonomy of Eq. (1.3), both ϕ m,p (t) and φ m,p (t) have the minimal period 2mπ/p.
From bifurcation theory, it is known that, under some non-degeneracy conditions, Eq. (1.1) admits families of (m, p)-periodic solutions ϕ m,p (t, e) and φ m,p (t, e), 0 ≤ e ≪ 1, such that
is even in t, ϕ m,p (0, e) > 0, and ϕ m,p (t + mπ, e) ≡ −ϕ m,p (t, e), φ m,p (t, e) is odd in t,φ m,p (0, e) > 0, and φ m,p (t + mπ, e) ≡ −φ m,p (t, e).
They are called the even and the odd (m, p)-periodic solutions of Eq. (1.1), respectively. Generally speaking, when e > 0, ϕ m,p (t, e) and φ m,p (t, e) have the minimal period 2mπ, not 2mπ/p. For more details, see Theorem 3.1. For the elliptic Sitnikov problem (S e ), such symmetric periodic solutions have been studied extensively in [1, 11, 16] . Moreover, some interesting global continuations of these solutions are also obtained. See, for example, [11, Theorem 3.1] and [16, Theorem 1] .
Since the linearization equations of (1.1) are Hill's equations with parameter e [13] , the linearized stability/instability of these periodic solutions ϕ m,p (t, e) and φ m,p (t, e) are related with the traces τ m,p (e) of the corresponding Poincaré matrixes. For e = 0, one has τ m,p (0) = 2 because Eq. (1.3) is autonomous and ϕ m,p (t) and φ m,p (t) are parabolic. Hence the signs of τ ′ m,p (0) = dτm,p(e) de | e=0 , if they are nonzero, can yield the linearized stability or instability. As for even (m, p)-periodic solutions ϕ m,p (t, e), a formula of τ ′ m,p (0) has been obtained in [21] and will be restated as (3.21) of this paper.
One of the main results of this paper is to derive the corresponding formula of τ ′ m,p (0) for odd (m, p)-periodic solutions φ m,p (t, e). See formula (3.14) in §3. Note that formulas (3.14) and (3.21) for τ ′ m,p (0) are involved of nonconstant periodic solutions ϕ m,p (t) and φ m,p (t) of the autonomous equation (1.3), which are not known explicitly.
By applying these formulas to the elliptic Sitnikov problem (S e ), we can obtain the following analytical results on the stability or instability for some families of symmetric periodic solutions. Theorem 1.1 For those frequencies (m, p) = (2p, p) where p ∈ N is arbitrary, we have the following results.
(i) For the odd (2p, p)-periodic solutions φ 2p,p (t, e), one has τ ′ 2p,p (0) > 0. Consequently, for e > 0 small, φ 2p,p (t, e) is hyperbolic and Lyapunov unstable.
(ii) For the even (2p, p)-periodic solutions ϕ 2p,p (t, e), one has τ ′ 2p,p (0) < 0. Consequently, for e > 0 small, ϕ 2p,p (t, e) is elliptic and linearized stable.
It seems to us that these are the first analytical results on the stability or instability for the nonconstant symmetric periodic solutions of the elliptic Sitnikov problem (S e ).
The organization of the paper is as follows. In §2, we will introduce some notions for Hill's equations. The linearization equations of autonomous equation (1.3) along symmetric periodic solutions will be discussed with the emphasis on the relation between the fundamental solutions of linearization equations and the solutions of Eq. (1.3) themselves. See Lemma 2.3. Moreover, a relation between the Poincaré matrixes and the period function of the periodic solutions of Eq. (1.3) will be found in Lemma 2.5. These results may be of independent interests. In §3, we will first give the bifurcation result on odd (m, p)-periodic solutions φ m,p (t, e) of Eq. (1.1). See Theorem 3.1. Then we will derive the formula of τ ′ m,p (0) in Theorem 3.3. Finally, in §4, we will use the formulas of τ ′ m,p (0) to analyze the elliptic Sitnikov problem (S e ). The results of Theorem 1.1 will be proved in §4.2 and §4.3.
Note from Theorem 1.1 that we have only obtained analytical results for some families of symmetric periodic solutions with very specific frequencies (m, p) = (2p, p), because we are dealing with nonconstant periodic solutions. In fact, it is found numerically and analytically in [6, 21] that the stability/instability depend on frequencies in a delicate way. As for the elliptic Sitnikov problem, we will prove in Theorems 4.1 and 4.4 that τ ′ m,p (0) are always 0 for both odd and even (m, p)-periodic solutions when frequencies (m, p) satisfy m/(2p) ∈ N. The remaining frequencies are (m, p) = (2np, p), n ≥ 2. For odd (2np, p)-periodic solutions, numerical simulation shows that τ ′ 2np,p (0) are always positive and φ 2np,p (t, e) will lead to instability. For even (2np, p)-periodic solutions, we will prove in Lemma 4.5 that the signs of τ ′ 2np,p (0) differ from that of the odd ones by a factor (−1) n . Hence some even solutions are linearized stable, while the others are unstable. These observations will be stated as a conjecture at the end of the paper.
2 Periodic Solutions and Linearization of Autonomous Equations
Periodic solutions of autonomous equations
We consider the autonomous equation (1.3) with the symmetries as before. By introducing
an even function such that E(0) = 0 and E(x) > 0 for x = 0, we know that solutions x(t) of (1.3) satisfy
where h ∈ [0, +∞). For h = 0, (2.2) corresponds to the equilibrium x(t) ≡ 0. For
C h consists of a nonconstant periodic orbit in the phase plane, whose minimal period is denoted by T = T (h) > 0. We will not write down T explicitly and refer to [9] for details.
Because of the symmetries of f (x), we are interested in the following two classes of periodic solutions of Eq. (1.3).
Odd periodic solutions: For
let x = S(t) = S(t, η) be the solution of (1.3) satisfying the initial value conditions
Then S(t) is a periodic solution of (1.3) of the minimal period
with the following symmetries
S(−t) ≡ −S(t) and S(t + T /2) ≡ −S(t). (2.6)
Moreover, S(t) > 0 is strictly increasing on (0, T /4).
Even periodic solutions:
For
be the solution of (1.3) satisfying the initial value conditions
Then C(t) is a periodic solution of (1.3) of the minimal period
Moreover, C(t) > 0 is strictly decreasing on (0, T /4). From (2.6) and (2.8), one sees that
The solutions S(t) and C(t) are also called T /2-anti-periodic. Like the sine and cosine, these solutions are related in the following way.
Lemma 2.1 Suppose that η and ξ satisfy
By setting T = T (h), the odd and the even periodic solutions S(t) = S(t, η) and C(t) = C(t, ξ) are related via
Traces of Hill's equations
We need some general results for Hill's equations [13] . Let q : R → R be a T -periodic locally Lebesgue integrable function and consider the Hill's equation
As usually, we use y = ψ i (t) = ψ i (t, q), i = 1, 2 to denote the fundamental solutions of Eq. (2.12), i.e. the solutions of (2.12) satisfying initial conditions (ψ 1 (0),ψ 1 (0)) = (1, 0) and (ψ 2 (0),ψ 2 (0)) = (0, 1) respectively. The T -periodic Poincaré matrix of Eq. (2.12) is
The Liouville law for Eq. (2.12) asserts that
The trace of the T -Poincaré matrix P T is
Because of (2.13), we know that (i) in case |τ | < 2, (2.12) is elliptic and is stable, (ii) in case |τ | > 2, (2.12) is hyperbolic and is unstable, and (iii) the case |τ | = 2 corresponds to the parabolicity of Eq. (2.12) which can be either stable or unstable.
Being considered as functionals of potentials q, all of the above objects are Fréchet differentiable in q ∈ L 1 (R/T Z), the Lebesgue space endowed with the
Here, by using the fundamental solutions ψ i (s) = ψ i (s, q),
Linearization of autonomous equations
We consider a nonconstant T -periodic solution x = φ(t) of the autonomous equation (1.3).
Here T is not necessarily the minimal period of φ(t). Then the linearization equation of (1.3) along the solution φ(t) is the Hill's equation (2.12), where
is a T -periodic potential.
In the sequel, we consider
Here S(t, η) is an odd periodic solution of (1.3) of the minimal period T as in (2.5). Then one has the following important observations. Lemma 2.3 Using the solutions S(t, η) of initial value problems, the fundamental solutions ψ i (t) = ψ i (t, q) of Eq. (2.12) are given by
Proof Recall that S(t, η) satisfies
Differentiating (2.20) with respect to t, we know that y(t) := ∂S ∂t (t,η)
=Ṡ(t, η) satisfies Eq. (2.12) and the initial values
Hence we have . As a consequence,
Thus we have the equalities in (2.19).
Since f ′ (x) is even in x, it follows from (2.6) and (2.17) that the minimal period of q(t) is actually T /2. Because of this, we consider the Poincaré matrixes of Eq. (2.12) with different periodsP := P T /2 andP n := P nT /2 , n ∈ N.
Using the fundamental solutions ψ i (t), these arê
Lemma 2.4 By lettingb
and the constantsb,b n are related viab
Proof From (2.6) and their derivatives, one has
By (2.18), we have
i.e. the first column ofP is (−1, 0) ⊤ . Moreover, it follows from (2.13) thatψ 2 (T /2) = −1. This gives the first result of (2.23). For general n ∈ N, one has then
Hence we have all equalities of the lemma.
Using the period function T (h) of orbit C h of Eq. (1.3), we have the following relation.
Lemma 2.5 Suppose that T (h) is differentiable in h. Then Proof Since we are considering odd periodic solutions S(t, η), we know from the second equality of (2.6) that S(T (h)/2, η) ≡ 0 for all η as in (2.3), where h = η 2 /2 is as in (2.5). Differentiating it with respect to η, we obtain
By (2.18) and (2.19), we have
See the proof of Lemma 2.4. Thusb = (η 2 /2)T ′ (η 2 /2). Combining with (2.24), we obtain result (2.25) for general n. 
One can notice that the former two conditions mean that φ(t) = S(t, η) is parabolic-unstable, while the last means that φ(t) is Lyapunov unstable because the periodic orbits inside a neighborhood of C h will have different periods.
(ii) For even periodic solutions x = C(t) = C(t, ξ) of Eq. (1.3) , results analogous to those in Lemmas 2.3-2.5 have been deduced in [21] in a similar way. 1)-(2.4) . In particular, when e = 0, one has See (3.1). As for the dependence of these solutions on (m, p), one has φ mn,pn (t) ≡ φ m,p (t) for any n ∈ N. A bifurcation result for odd (m, p)-periodic solutions of (1.1) emanating from φ m,p (t) is as follows. Then Combining with (3.5), the existence of the function E m,p (e) as in (3.7) follows immediately from the Implicit Function Theorem (IFT). Since F (x, t, e) is odd in x, the solution φ m,p (t, e) of (3.8) is obviously odd in t. Moreover, φ m,p (t, e) satisfies (3.9) and is (m, p)-periodic. (ii) Note that φ m,p (t, 0) ≡ φ m,p (t) is 2mπ/p-periodic. See (3.3). Usually speaking, if e > 0, the minimal period of φ m,p (t, e) is 2mπ, not 2mπ/p.
A Stability
Criterion for Odd Periodic Solutions 3.1 Bifurcations of odd periodic solutions For η > 0, we use x = X(t, η, e) to denote the solution of problem (1.X(t, η, 0) ≡ S(t, η),(3.there exist e m,p > 0 and a smooth function E m,p (e) of e ∈ [0, e m,p ) such that E
A stability criterion for odd periodic solutions
We consider the family φ m,p (t, e) of odd (m, p)-periodic solutions of Eq. (1.1) as in Theorem 3.1.
For e ∈ [0, e m,p ), the linearization equation of Eq. (1.1) along x = φ m,p (t, e) is the Hill's equationÿ + q(t, e)y = 0, q(t, e) := ∂F ∂x (φm,p(t,e),t,e) .
Here the period is understood as T = 2mπ. The corresponding trace is τ m,p (e) := ψ 1 (2mπ, e) +ψ 2 (2mπ, e). Here ψ i (t, e) are fundamental solutions of Eq. (3.11). When e = 0, we have φ m,p (t, 0) = φ m,p (t) := S(t, η m,p ) and q(t, 0) = q(t) = f ′ (S(t, η m,p )). Here h m,p = η 2 m,p /2 and ′ = d dh .
See (2.17).
Proof In order to apply Lemma 2.2, we need to consider the 2mπ-periodic Poincaré matrix P of the linearization equation
Arguing as in the proof of (3.10), by letting T = 2mπ/p in Lemmas 2.3-2.5 and noticing that 2mπ = 2p · T /2, we have
See (2.25) with n = 2p. Thus the kernel of (2.15) is 
Here, for simplicity, φ(t) := φ m,p (t). From (2.14), we obtain
Since φ m,p (t, e) is 2mπ-periodic for any e, we know from the defining equality (3.16) that Φ(t) is necessarily 2mπ-periodic. Moreover, Φ(t) satisfies the variational equation
where 
Thus the left-hand side of (3.20) is Combining with (3.17), we obtain the desired formula (3.14).
Since τ m,p (0) = 2, the role of formula (3.14) is as follows.
is elliptic and is linearized stable for 0 < e ≪ 1.
(
is hyperbolic and is Lyapunov unstable for 0 < e ≪ 1.
A stability criterion for even periodic solutions, revisited
The bifurcations and linearized stability of even (m, p)-periodic solutions of Eq. (1.1) have been done in [21] . In the present notations, we restate the results in [21] as follows. For ξ > 0, we use x = X(t, ξ, e) to denote the solution of problem (1.1)-(2.7). Let m ∈ N and p ∈ N and the energy h m,p be as in (3.2) . By taking ξ m,p > 0 such that
we know that 
where
Remark 3.6 For the case m = 1, result (3.21) is proved in [21] . See Formula (3.2) there. However, the coefficient there is expressed usingψ 1 (2π) and f (ξ 1,p ), where ψ 1 (t) is the first fundamental solution of the corresponding linearization equation. For general m, formula (3.21) can be deduced by a scaling of time. Moreover, arguing as in the deduction of (3.15), the coefficient can be written in the present way. One can notice that the forms of formulas (3.14) and (3.21) are the same.
Stability Results for the Elliptic Sitnikov Problem

Equations for the motions of the Sitnikov problems
After choosing the masses and the gravitational constant in an appropriate way, the governing equation for the motion of the infinitesimal mass in the elliptic Sitnikov problem (S e ) is [1, 11] x + F (x, t, e) = 0,
Here e ∈ [0, 1) is the eccentricity, and r(t, e) = r 0 (1 − e cos u(t, e)),
where, after some translation of time, u = u(t, e) is the solution of the Kepler's equation
Note that the Kepler solution u(t, e) is smooth in (t, e) and satisfies u(−t, e) ≡ −u(t, e) and u(t + 2π, e) ≡ u(t, e) + 2π.
Consequently, F (x, t, e) fulfills all requirements in (1.2). Moreover, when e ∈ (0, 1), the minimal period of F (x, t, e) in t is 2π. In particular, the circular Sitnikov problem (S 0 ) is described by the autonomous equation
For Eq. (4.4), the energy E(x) in (2.1) is
. Solutions x(t) of Eq. (4.4) are on energy levels
Here the energy h differs from that in (2.2) by a constant 2 and takes values from h ∈ [−2, +∞). For h = −2, (4.5) corresponds to the origin which is the equilibrium of (4.4). For h ∈ (−2, 0), (4.5) corresponds to periodic orbits of (4.4) whose minimal period is denoted by T (h). It is not difficult to verify that lim h→−2+
T (h) = 2π/ √ 8 and lim
Moreover, it is proved in [1, Theorem C] that
Hence the origin is surrounded by a family of periodic orbits, whose minimal periods take values from (2π/ √ 8, +∞). For more facts on the dynamics of Eq. (4.4), see [1, 11] . To bifurcate the families φ m,p (t, e) and ϕ m,p (t, e) of (m, p)-periodic solutions of Eq. (4.1) which are respectively odd and even in t, the integers m, p are required that 2mπ/p ∈ (2π/ √ 8, +∞), i.e.
because the non-degeneracy conditions (3.6) are ensured by (4.6). Condition (4.7) is also used in [11, §3] . As before, we write φ m,p (t, 0) and ϕ m,p (t, 0) as φ m,p (t) and ϕ m,p (t) respectively. For these (m, p)-periodic solutions, it is convenient to call ̺ := p/m the rotation number. Condition (4.7) for (m, p) is now equivalent to
Analytical results for stability of odd periodic orbits
From the defining equalities (4.1)-(4.4), a direct computation can yield
See also [21, Formula (4.21) ]. We first study the families φ m,p (t, e) of odd (m, p)-periodic solutions of Eq. (4.1) for m, p as in (4.7). By (3.13), (3.14) and (4.9), we have
sin t,
One hasĠ Integrating by parts, we know that τ ′ m,p (0) can be written as
Such an observation was also used in [21] for the study of even periodic solutions. 
In particular, τ ′ m,p (0) = 0 if m is odd and 1 ≤ p ≤ ν m , or m is even and m/2 + 1 ≤ p ≤ ν m .
Proof Let us notice from (3.4) and (4.10) that the minimal period of G m,p (t) is mπ/p. Moreover, G m,p (t) is even in t. Hence one has the mπ/p-periodic Fourier expansion
a n cos 2np t m .
Let us write cos t as cos m Remark 4.2 From Theorem 4.1, the signs of τ ′ m,p (0) depend on the frequencies (m, p) in a delicate way. For example, we have no information on the stability of odd (m, p)-periodic orbits φ m,p (t, e) for any odd number m. This phenomenon was also observed for the families ϕ m,p (t, e) of even periodic solutions of Eq. (1.1) and Eq. (4.1). See [21] and [6] .
In contrast to case (4.12), we have m/(2p) = n ∈ N, i.e. m = 2pn, or equivalently,
In this case, φ 2pn,p (t) ≡ φ 2n,1 (t) =: φ n (t), (4.14) which are the odd periodic solutions used by Ortega [16] . Note that φ n (t) has the minimal period T = 2mπ/p = 4nπ. More symmetries on φ n (t) include
(4.15)
Here the third equality of (4.15) is deduced from (2.9). Passing to the function
one has    G n (t) > 0 is even and has the minimal period 2nπ,
(4.17)
For the solution φ n (t) as in (4.14), we can use the symmetries in (4.17) to obtain
because both G n (t) and cos t are symmetric with respect to t = nπ. Combining with (4.6) and (4.11), we have the following results.
Lemma 4.3 For any p, n ∈ N, we have
In particular, τ ′ 2pn,p (0) and A n have the same sign for any p ∈ N.
Now we can complete the proof of Theorem 1.1 (i) for odd (2p, p)-periodic solutions φ 2p,p (t, e). The frequencies (m, p) = (2p, p) correspond to the rotation number ̺ = 1 2 . See (4.13). Due to Lemma 4.3, we need only to prove that A 1 > 0. By (4.19) , one has n = 1 and
(4.20)
From the last property of (4.17), G 1 (t) is strictly decreasing on [0, π]. Hence (4.20) implies that A 1 > 0.
Analytical results for stability of even periodic orbits
Let m, p be as in (4.7). We are now studying the family ϕ m,p (t, e) of even (m, p)-periodic solutions of Eq. (4.1). By (3.21), (3.22) and (4.9), we have For the cases as in (4.13), we have the following relation. Proof We go back to formulas (4.11) and (4.21), where m = 2pn. Note that φ m,p (t) and ϕ m,p (t) have the same energy h 2pn,p = h 2n,1 and the same minimal period T = 2mπ/p = 4nπ. Hence (2.10) is verified and the factors in (4.11) and (4.21) are the same. By (2.11), one has ϕ m,p (t) ≡ φ m,p (t + nπ). The stability result of Theorem 1.1 (ii) for even (2p, p)-periodic solutions ϕ 2p,p (t, e) follows immediately from Theorem 1.1 (i) and Lemma 4.5. Hence the proof of Theorem 1.1 is complete.
The numerical result and a conjecture
For conservative systems like Hamiltonian systems, the stability of periodic orbits is an important and a difficult problem [19] . For the N -body problems and the related systems, one can refer to [2, 3, 7] for some different approaches to the stability of periodic orbits.
Going back to the Sitnikov problem, we know from Lemmas 4.3 and 4.5 that, for any n ≥ 2 and any p ∈ N, the linearized stability/instability of φ 2pn,p (t) and ϕ 2pn,p (t) are determined by the sign of A n . By (4.16) and (4.19), A n is only involved of the odd (2n, 1)-periodic solution φ n (t) := φ 2n,1 (t) of Eq. (4.4). It is easy to do the numerical simulation. With the choice of 1 ≤ n ≤ 10, we have the numerical results listed in Table 1 .
Note that the positiveness of A 1 in Table 1 has already been proved in an analytical way. It is surprising that numerically, all of A n , n ≥ 2 are positive. Hence we have the following interesting problem.
Conjecture One has A n > 0 for all n ≥ 2.
We end the paper with two remarks. 1. Once the conjecture is proved, we could conclude that (i) odd (2np, p)-periodic solutions φ 2np,p (t, e) are hyperbolic and Lyapunov unstable for e > 0 small, (ii) even (4np, p)-periodic solutions ϕ 4np,p (t, e) are also hyperbolic and Lyapunov unstable for e > 0 small, and (iii) even ((4n−2)p, p)-periodic solutions ϕ (4n−2)p,p (t, e) are elliptic and linearized stable for e > 0 small.
2. For the case n = 2, arguing as in (4.20), we have from (4.19)
The sign of A 2 is related with a certain kind of 'convexity' of G 2 (t) on the interval [0, 2π]. This is also true for general case n ≥ 3.
